In this paper, we consider the problem of maximizing the localization accuracy of a mobile vehicle, based on triangulation measurements derived from optical data. The problem is intrinsically nonlinear, as the linear approximation of the system is not observable. This implies that the choice of inputs (i.e., the path followed) may affect the quality of observations made, and ultimately the localization accuracy. We consider the problem of finding the most informative exploratory path of given length for a rover (modeled as a point in the plane) with optical triangulation information.
Introduction
One of the main technical difficulties in applying mobile robots to unstructured environments is the problem of localization of the vehicle with respect to the environment, and of constructing a map of the environment itself. The problem is important for instance. for a rover exploring an unknown terrain, such as was the case for the Sojourner explorer in the recent NASA mission of Pathfinder on Mars. On the other hand, many everyday applications on Earth call for solutions to the same problem. There is in fact a consolidated trend in industrial AGV systems to move from traditional wire-guided systems to optically guided systems, using laser or camera heads on the vehicle to locate it on the factory floor. The advantage of the latter techniques is apparent, in terms of drastically reducing the cost and rigidity of fixed nets of active or passive magnetic devices placed under the floor, and allowing more variate trajectories to be execu:ed by the AGV's. On the other hand, the technology of optical localization is rather new, and several problems are still encountered, related to both its technological aspects and to methodology to be used in filtering and merging data from different sources. A good treatment for these problems is that of Borenstein [3] , and references therein.
In this paper, we deal with the problem of localization and map building for a mobile vehicle endowed with odometric and optical sensors (laser or camera heads). In section 2 we recast the problem as one in nonlinear observability, and results obtained from differential-geometric nonlinear system theory are compared with those resulting from a linearized model, showing how the problem is intrinsically nonlinear. In section 3 we pose, and solve for a simplified rover model, the problem of finding the most informative exploratory path of given length with optical triangulation information.
Nonlinear Observability
We consider a system comprised of a mobile vehicle, such as a robotic rover in a planetary exploration mission, which moves in an unknown environment with the aim of localizing itself anti the environment features (in the rover case, e.g., rocks and geological formations). The vehicle is endowed with a sensor head such as a radial laser rangefinder or movable camera, whose data are assumed here to have been preprocessed so as to yield a measurement of the azimuth angle in the horizontal plane between the line joining the obstacle features with the head position, and the direction of movement of the vehicle (or any other direction fixed w.r.t. the vehicle). An information on distance of the target from the head is not considered to be available, due to the fact that such measurement is hard to obtain accurately from current laser or camera sensors.
Both the vehicle initial position and orientation, and the obstacle positions, are unknown (or, more generally, known up to some a priori probability distribution). The task is to reconstruct such information from angular measurements.
A model of the system thas captures most salient features of thc problem, yet lends itself to simple analytical results, is used, which is based on the following assumptions: the vehicle moves on a plane, and object features are represented as points of the plane. Among the features that the sensor head detects in the robot environment, we will distinguish between those belonging to objects with unknown positions (which we shall call targets), and those belonging to objects whose absolute position is known, which will be referred to as markers .
The vehicle dynamics are supposed to be slow enough to be neglected (dynamics do not add much to the problem structure, while considerably increase formal complexity). The mathematical model of the systems is linear in control, and will be described as
where z is an n-dimensional state, U an m-dimensional input, g(z) an n by m matrix whose columns are the input vector fields, and y is it p dimensional output vector.
Generally speaking, the kinematics of the vehicle might be nonholonomic: for instance, NASA's So- 
Optimal exploratory paths: Problem Statement
In the previous section we have seen that, depending on the trajectories followed by the rover, its localization may become impossible. Naturally, it is to be expected that not only the existence of unobservable states is affected by trajectories, but also possible quantitative measures of information collected along the trajectory.
One such quantitative measure can be defined as follows. Consider the output function y ( t ) = h ( z ( t ) ) as a function of the initial conditions x, and of the input functions U E U , with U a suitable functional space, and denote this as ~(x,,u,t). Let 2," and x; denote two different initial conditions, with 1 1 2 ; -xbll < E , and
In order to distinguish between x: and x: based on the difference in outputs, premultiply both sides by
2.E
(denoted 2 for short) and integrate from time 0 to T to get
This equation has the form of a linear system b + 6 = Fx, where the known vector b comes from measurement outputs, the perturbation term 6 comes from approximations errors (and possibly from measurement noise), and matrix F depends on inputs. It can be shown that invertibility of F is tantamount to observability of the system if h(x) is analytic. Also, in order to have the least propagation of perturbations 6 in the solution 2, it is well known (see e.g. Bicchi and Canepa [l] ) that some norm of the inverse of F should be minimized.
Notice that such criteria does not reflect any particular choice in the estimator or filter adopted in the actual localization procedure, rather it is intrinsic to the reconstructibility of the state from the given trajectory. A characterization of the criterion in terms of the Fisher information matrix and the Cramer-Rao bounds associated to the probleni was presented by Piloni and Bicchi [7] .
In the rest of this paper we will consider the problem of maximizing a quantitative measure of observability embodied in the minimum eigenvalue of F . However, in applications such as the exploration of a planet's soil by a robotic rover, the system is also confronted with limitations in autonomy of motion, e.g. in the total length of the path the vehicle can track in one day.
We can pose this problem as an optimal control problem as follows: maximize the functional subject to the constraints
The solution of the above o:?timal control problem might be difficult in general to obtain. In the rest of this paper, we specialize the vlahicle kinematic model to be that of an omnidirectional (holonomic) vehicle. We will accordingly disregard the vehicle orientation as a state, and simply assume G(x) in (1) to be the identity matrix. This assumptilsn is equivalent to asking that G(x) be invertible for all x (as it happens in omnidirectional robots), and that a state feedbacl law U = G-l(x)v is applied. This will allow us to use the general results discussed in the next section to the particular type of measurement equations for the problem at hand. (10)) depends on the parametrization chosen for the path (see [lo] , [Ill) , or, in other terms, on the velocity at which the path is followed. We will consider henceforth constant velocity, and impose 1x1 = 
Optimal exploratory paths with triangulation
Consider again the omnidirectional vehicle model j . = U , z E IR2, and consider its self-localization in an environment containin two markers ml, m2 of coordinates ( 0 ,~) and (0, -3, respectively. As an output measurement, we consider the angle comprised between the segments mix and zmp that can be easily measured by optical triangulation devices. More precisely, the state and output equations are assumed to be where, for simplicity's sake, we take as output function the inverse of the cosine of the angle m a 2 , which is defined everywhere except for 2 1 = 0. Notice that for all < with I,$ 2 1, it holds &I(<) = Cc with Ce the circle ( 2 E IR21z: + xz -p 2 -2p<zl = 0) The observability codistribution for this system is given by O =
and it has full rank on IR2 \ {x = 0) for p # 0. Hence the system (23) is locally observable. Writing expression (22) for system (23), we obtain:
Without loss of generality, let us set p = 1 and introduce the notation (Ll I(xy,x;), hz21(Z:,z;)) = (q1,qd.
Relation (22) becomes:
Dividing by sin(@,) # 0, we get
where a = cotan (0,). Relation (9) becomes -z: + x; -1 + 2 q 4 -2 2 1 2 2 + 2 q 2 4 = 0 which is a special case of (26). Finding maximal ex-1 Figure 3 : The minimal extrema1 starting from (1,1) is a hyperbola. Moving along this path minimizes observability (actually, it makes the problem unobservable).
tremals is more complex. By the conics classification theorem (see [9] ), writing ( 2 6 fig.5 . Notice that the optimal paths differ for different lengths. 
Conclusion
In this paper we have considered a basic problem behind planning exploratory motions in an unknown environment, that is, the geometry of paths that achieve maximum information for a given length traversed. Results show that optimal paths are arcs of conics: depending on the starting point, they can be either hyperbola, ellipses, or straight lines. For a given starting point, the optimal conic depends only on the assigned len th of the path to be traversed.
%though our results only apply to a simple model of omnidirectional vehicles and triangulation measurements, we believe that it provides some insight in the practically important problem of optimally planning exploratory motions of given length for more general systems, which problems will be the objective of further studies. Generalizations of this study to non-constant velocity, and especially to nonholonomic vehicles, are very important for applications. Although preliminary investigations seem to show that they might be highly nontrivial, these generalizations will be the subject of future work.
